I. INTRODUCTION
The stability analysis and control of large-scale systems has been extensively investigated (see, e.g., [1] ). For example, these control problems can be illustrated by multiarea power systems [2] , [3] . The control problems of large-scale interconnected systems is parameterized by a small weak coupling parameter ". This has been extensively studied in [2] , [3] , [5] .
The linear quadratic Nash games and their applications have been widely investigated in many literatures (see, e.g., [9] , [24] and the references therein). In particular, the definition and standard results given in [24] will be used for reference. There exist two different types of Nash equilibria: a) open-loop equilibria and b) closed-loop no-memory and feedback equilibria. The existence of open-loop Nash equilibria has been studied in [16] , [19] , and [20] for both continuous and discrete The author is with the Graduate School of Education, Hiroshima University, Higashi-Hiroshima 739-8524, Japan (e-mail: mukaida@hiroshima-u.ac.jp).
Digital Object Identifier 10.1109/TAC.2006.878744 time systems. Further, in the case of memoryless perfect-state information structure, the asymptotic analysis of the linear feedback Nash equilibria has also been investigated [21] - [23] . These researches have focused on the analysis of the existence of Nash equilibria. Although a numerical algorithm for solving the feedback Nash algebraic Riccati equations has been presented, only a scalar feedback has been considered [23] .
It is well known that in order to obtain Nash strategies, the crosscoupled algebraic Riccati equations (CARE) must be solved. In [10] , a Newton-type algorithm for solving the CARE has been applied. A variant of the classical eigenvector approach for solving the CARE of the open-loop Nash games has also been studied in [16] . However, the computing workspace for these techniques requires very large matrix dimensions. Therefore, the reduction in the matrix dimensions poses a crucial problem because the weakly coupled systems include numerous subsystems. In contrast, in [4] , the recursive algorithms have been developed for solving the CARE of the weakly coupled systems. Recently, an algorithm that is based on the Lyapunov iterations for solving the CARE has been introduced [6] , [7] . Although such algorithms can be computed by using the dimension of each subsystem, the convergence rate is given by the linear convergence. Moreover, there is no proof of whether the abovementioned algorithms fail to converge in the case of strongly coupled systems.
This note investigates the feedback Nash equilibrium of linear quadratic N -player Nash games for infinite-horizon large-scale interconnected systems by using Newton's method. It should be noted that this study considers the linear feedback strategy [18] with memoryless perfect-state information structure [21] - [24] . This note is an extension of [8] in the sense that the convergence criteria for " is derived for the first time. Such a condition is derived by applying the Newton-Kantorovich theorem. The Newton-Kantorovich theorem plays an important role in showing that the uniqueness and positive semidefiniteness of the convergence solutions are guaranteed in the neighborhood of the initial conditions. Moreover, the asymptotic structure of the solutions of the CARE is established without the implicit function theorem. This note also proposes a new decoupling algorithm for computing Newton's iterations as another important feature. As a result, a reduction in the computation is attained by using the existing fixed-point algorithm [6] , [7] .
Notation: The notations used in this note are fairly standard. block diag denotes the block diagonal matrix. The superscript T denotes the matrix transpose. I n denotes the n 2 n identity matrix. k 1 k denotes the Euclidean norm for a matrix. vecM denotes the column vector of the matrix M [15] . det M denotes the determinant of the matrix M . denotes the Kronecker product. ij denotes the Kronecker delta. ReM denotes the real part of the eigenvalue of the matrix M .
II. PROBLEM FORMULATION
Consider weakly coupled large-scale linear systems with N players _ x i (t) = A ii x i (t) + B ii u i (t) + " It should be noted that the delta scaling represents the dominant portion of the matrix B i" for each subsystem. This assumption is imposed on the weak coupling structure. In other words, it is assumed that the influence of the control input of each player on the subsystem is almost negligible. Using the abovementioned notations, the weakly coupled large-scale linear systems (1) can be rewritten as
The problem considered here requires the strategy space and information structure available to the players to be specified. In this note, a full state information structure is assumed and the number of players that stabilize the constant linear feedback strategies is restricted. Thus, only the controls u i (t) of type Bj"Ki" is stable :
According to the feedback information structure, a set of equilibrium strategies should be independent of the initial state. Furthermore, the strategies should satisfy the typical equilibrium inequalities. A formal definition is given here (see also, e.g., [23] i" x(t) for all K " that satisfy
The optimal linear feedback strategies for the Nash games are given by
where P i" are the positive-semidefinite solutions of the following N -CAREs:
. It is well known that even if the problem is linear and quadratic, the linearity of the closed-loop Nash solutions is not guaranteed [18] . It should be noted that in this study, the strategies u 3 i (t) are restricted as the linear feedback strategies.
It should be noted that for the special problem that is considered here, the specific strategy that relaxes the Nash strategy, which has been studied in the previous few decades, is introduced by scaling the diagonal elements of the matrix Q i" .
Since A " and S i" include ", the solution P i" of the CARE (8), if it exists, must contain terms of the order ". By taking this fact into account, the solution P i" of the CARE (8) with the following structure is considered [7] , [11] : Although the structure of Pi" appears to be an assumption, it can be easily proved by directly applying the implicit function theorem to (8) .
The detailed proof is omitted here due to the limitation on the number of pages. The following analysis requires a basic assumption. 
III. EXISTENCE OF A UNIQUE SOLUTION
First, in order to obtain Nash strategies, the asymptotic structure of CARE (8) is established. By substituting matrices A", Si", Gij", Qi", and P i" into CARE (8) , setting " = 0, and partitioning CARE (8), the following reduced-order algebraic Riccati equations (AREs) are obtained; here, Pii, i = 1; ...;N are the limiting solutions of the CARE (8) as " ! +0
where S ii := B ii R 01
ii B
T ii .
The limiting behavior of Pi" when " ! +0 is described by the following lemma.
Lemma 1: [6] , [7] Under Assumption 1, there exists a small 3 such that for all " 2 (0; 3 ), CARE (8) allows for a positive-semidefinite solution P 3
i" , which can be written as
Moreover, there exists a unique solution P 3
i" of the CARE (8) in the neighborhood of the solution
Using the Newton-Kantorovich theorem [13] , [14] , which will be presented later in this note, it is clear that there exists a small 3 such that for all " 2 (0; 3 ), the CARE (8) has positive semidefinite solutions within the limits of the sufficiency condition. Moreover, it should be noted that the asymptotic structure of (10) can also be obtained by applying the Newton-Kantorovich theorem. Although it has been generally shown that there exist several solutions to the CARE [16] , it should be noted that for the weakly coupled systems, both positive semidefiniteness and uniqueness of the solutions are guaranteed as long as " is small.
In order to obtain the optimal strategies, a useful algorithm that is based on Newton's method is given as follows:
j" ; k= 0; 1; ... i" ) term (see, e.g., [17] in detail). Newton's method is well known and it is widely used to obtain solutions to algebraic equations; moreover, its local convergence properties are well understood. In order to establish the main result, the following fact must be considered.
Newton-Kantorovich Theorem [13] , [14] : Assume that . . .
Since the function Z(P) is continuous at any P, taking the partial derivative of the function Z(P) with respect to P yields rZ(P) 
Thus, for any matrices X and Y that belong to P, it is immediately obtained from (14) that
Moreover, using (14) , it is easy to derive that rF P 
Using the Newton-Kantorovich theorem, the error estimate is given by holds for a small ", the uniqueness of P 3
i" is guaranteed for a subset S by applying the Newton-Kantorovich theorem.
Since the remainder of the proofs for positive semidefiniteness and stability are similar to the proof given in [6] and [7] , they have been omitted.
The subject of this note is closely related to the result of [25] . From this result, it is clear that for a small ", the considered game will have a unique feedback Nash equilibrium. However, it will not be possible to obtain a supremum 3 such that the game has a unique feedback Nash equilibrium for all " 2 (0; 3 ).
It should be noted that no proof exists of whether the proposed algorithm fails to converge for strongly coupled systems. In this note, the convergence criteria for " is established for the first time. Such a condition is derived from the Newton-Kantorovich theorem. 
algorithm (11) guarantees quadratic convergence.
Proof: Since it is clear that this proof can be derived by applying the Newton-Kantorovich theorem, it has been omitted. It should be noted that
where ) represents the replacement.
Without loss of generality, the following condition is assumed for CALE (20) . Proof: The proof of Theorem 2 can be derived by using mathematical induction. When n = 0 for algorithm (21) , it is easy to verify that the first-order approximations X i" corresponding to " are X (1) i" .
When n = h, h 2, it is assumed that
By subtracting (20) from (21) and substituting h into n, the following equations hold:
Using assumption (23) , the following equations are satisfied:
): (25) Since from Assumption 2, 3ii, i = 1; 2; . . . ; N are stable, 3" is stable.
Using the standard properties of the algebraic Lyapunov equation (ALE) [12] , it is easy to verify that When ALE (21) is solved, a large computational dimension n := N i=1 ni is required to be compared with the small computational dimensions n i , i = 1; . . . ; N . Thus, in order to reduce the computational dimension, a fixed-point algorithm can be applied (see, e.g., [6] , [7] ). It is well known that it is very difficult to solve the CARE. For example, in the case of Newton's method, it is necessary to solve the large linear equations that depend on the other iterative solutions. In this study, the decoupling algorithm that combines Newton's method with the fixed-point algorithm has been provided for the first time in order to avoid such a dependence. This novel idea is based on the property of P Table I shows the values of for various values of ". Since the convergence criteria (19) of Newton's method is satisfied for " = 1:0e 0 07, the asymptotic structure of the solutions with uniqueness, positive semidefiniteness and quadratic convergence is attained for any " value that is smaller than " = 1:0e 007. It should be noted that convergence criteria (19) is a conservative condition. Hence, even if such a condition is not satisfied, a required solution that attains quadratic convergence might exist. In fact, the existence of a unique convergence solution for some parameter will be verified later. In order to verify the exactitude of the solution, the remainder per iteration is computed for several values of " by substituting P (k) i" into CARE (8) . Table II 3" )k. It should be noted that when " = 1:0e 0 01, algorithm (11a) converges to the exact solution with an accuracy of E(") < 1:0e 0 10 after four iterations. Hence, it can be observed from Table II that algorithm (11a) attains quadratic convergence.
The required iterations of the proposed algorithm (11a) versus the Lyapunov iterations [6] , [7] are presented in Table III . It can be observed from Table III that as compared with the Lyapunov iterations, the proposed algorithm (11a) succeeds in reducing the number of iterations for different values of ". In particular, for a large " value, the required iterations are small. Hence, the resulting algorithm in this note is very attractive for a sufficiently small ". Table IV presents the results of the CPU time with regard to the comparison between the new method and Lyapunov iterations [6] , [7] . The TABLE IV  CPU TIME [SEC] CPU time represents the average based on the computations of ten runs. The CPU time is the total time that has been used for all the iterations. In other words, it should be noted that the CPU time used for the decoupling algorithm is included in the total CPU time used in Newton's method. It can be observed from Table IV that as compared to the Lyapunov iterations [6] , [7] , the iterative algorithm (11) requires considerably more CPU time. This is because the computation of algorithm (21) involves many procedures. However, it should be noted that the proposed algorithm is useful because the positive semidefiniteness and uniqueness of the proposed algorithm can be guaranteed, whereas those of the Lyapunov iterations cannot be guaranteed.
From the viewpoint of this example, it should be noted that when the fixed-point algorithm is applied, even if the number of subsystems is greater than four, the computing workspace required for the strategies is the same as the dimension of the subsystems. In other words, even if the large-scale systems (1) are composed of N four-dimensional subsystems, the required workspace is four.
VI. CONCLUSION
In this note, Nash games for large-scale systems that are connected by " have been studied. A new algorithm that combines Newton's method and fixed point iterations for solving the large-scale CAREs has been proposed. It should be noted that the proposed design method is rather different from the existing methods such as the recursive approach [11] and the Lyapunov iterations [6] , [7] . As a result, the convergence rate has been dramatically improved because the proposed algorithm attains quadratic convergence. Another important feature is that the asymptotic structure with uniqueness and positive semidefiniteness has been proved by using the Newton-Kantorovich theorem. Moreover, the convergence criteria of Newton's method has been derived for the first time.
Finally, by using the new decoupling algorithm, a solution can be obtained by solving the independent ALE. Moreover, when the fixedpoint algorithm [6] , [7] is applied, the required workspace is the same as the dimension of each subsystem. Thus, the proposed algorithm is expected to be very useful and reliable for a sufficiently small ".
It should be noted that there are no results for a large ". In particular, for a large ", a unique equilibrium will not exist. Therefore, it is impossible to verify that even if the proposed algorithm converges to a solution, more than one solution exists. The principal result of this note is that for a given a priori number 3 , the game will have a unique equilibrium for all " values smaller than this number. These problems and their extensions will be addressed in future investigations.
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